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INTRODUCTION 
An important  and d i f f i c u l t  problem of r o t o r  aerodynamics is  t h e  
three-dimensional  v i scous  flow f i e l d  occur r ing  i n  t h e  v i c i n i t y  of t h e  
r o t o r  t i p .  The t i p  r eg ion  c o n t a i n s  a complex three-dimensional  v i scous  
flow f i e l d  which r e s u l t s  from the  unequal p r e s s u r e s  on t h e  upper and lower 
s u r f a c e s  on a l i f t i n g  a i r f o i l .  S ince  a t  t h e  r o t o r  t i p  a p r e s s u r e  
d i s c o n t i n u i t y  i s  not p o s s i b l e ,  t h e  p re s su re  d i f f e r e n c e  a c r o s s  t h e  b l a d e  i s  
g r a d u a l l y  r e l i e v e d  towards t h e  t i p  u n t i l  t h e  p r e s s u r e s  on bo th  s i d e s  are 
equa l  at  t h e  t i p .  Associated with t h i s  p r e s s u r e  f i e l d  i s  a secondary f low 
f i e l d  outward on the  p r e s s u r e  s u r f a c e ,  around t h e  t i p ,  and inward on t h e  
s u c t i o n  s u r f a c e .  This  secondary f low convects low momentum f l u i d  from t h e  
p r e s s u r e  s i d e  around t h e  t i p  t o  the  s u c t i o n  s i d e .  The low momentum f l u i d  
accumulates  on t h e  s u c t i o n  s i d e  of t h e  t i p ,  r o l l s  up and forms t h e  t i p  
v o r t e x  which then i s  convected downstream by t h e  streamwise v e l o c i t y .  
The d e t a i l s  of t h e  flow i n  t h e  t i p  r eg ion  can have a major e f f e c t  i n  
de t e rmin ing  the  gene ra t ed  r o t o r  n o i s e  and can s i g n i f i c a n t l y  a f f e c t  t h e  
performance and dynamic load ing  of t h e  r o t o r  b l a d e .  I n  a d d i t i o n ,  t h e  t i p  
v o r t e x  gene ra t ed  by a given b l a d e  may i n t e r a c t  with t h e  fo l lowing  b l a d e  
s i g n i f i c a n t l y  modifying the  oncoming flow encountered by t h e  fo l lowing  
b l a d e ,  t hus  a f f e c t i n g  t h e  fo l lowing  b l a d e ' s  performance. Although t h e  
m o t i v a t i o n  of t h e  p r e s e n t  s tudy  is t h e  h e l i c o p t o r  r o t o r  t i p  v o r t e x  
problem, t h i s  is not t h e  only important p h y s i c a l  f low s i t u a t i o n  i n  which 
t h e  t i p  v o r t e x  p l a y s  a prominent r o l e .  The t i p  v o r t e x  a l s o  p l ays  a 
prominent r o l e  i n  flow about wing t i p s  of l a r g e  a i r c r a f t  which can 
a f f e c t  c r u i s e  e f f i c i e n c y  and can cause hazardous c o n d i t i o n s  f o r  fo l lowing  
a i r c r a f t  encoun te r ing  t h e  t i p  v o r t e x  wake. The l e a d i n g  edge v o r t e x  p l ays  
a major role i n  de t e rmin ing  t h e  performance of d e l t a  wings. Other 
a p p l i c a t i o n s  f o r  t i p  v o r t e x  a n a l y s i s  occur i n  hydrodynamic flow 
s i t u a t i o n s .  Typ ica l  examples can be found a s s o c i a t e d  wi th  s h i p  o r  
submarine p r o p e l l e r s  and t h e  submarine s a i l .  
To d a t e ,  most e f f o r t s  which have focused upon t h e  t i p  flow f i e l d  
problem have been e i t h e r  expe r imen ta l  i n v e s t i g a t i o n s  p r i m a r i l y  confined t o  
r eg ions  downstream of t h e  b l a d e ,  or a n a l y t i c  e f f o r t s  p r i m a r i l y  confined t o  
i n v i s c i d  a n a l y s e s .  For example Scheiman, Megrail  and S h i v e r s  (Ref.  1 )  
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u t i l i z e d  a t u f t  g r i d  t echn ique  t o  i n v e s t i g a t e  t h e  v o r t e x  downstream of a 
f i x e d  a i r f o i l .  Although t h e i r  i n v e s t i g a t i o n  showed t h e  problem t o  have a 
d e f i n i t e  Reynolds number e f f e c t  on c o r e  s i z e ,  they were not a b l e  t o  d e f i n e  
a f u n c t i o n a l  r e l a t i o n s h i p  between c o r e  s i z e  and l i f t ,  d rag  o r  induced 
d rag .  Thompson (Ref.  2) used a tow tank and hydrogen bubble  t echn ique  t o  
s tudy  a x i a l  flow i n  wing t i p  v o r t i c e s  downstream of t h e  a i r f o i l  t r a i l i n g  
edge. Spivey and Morehouse (Ref. 3 )  compared t h e  performance of s w e p t  t i p  
and square t i p  shapes i n  both wind t u n n e l s  and w h i r l  s t a n d  environments 
through flow v i s u a l i z a t i o n  tes t s  and s u r f a c e  p r e s s u r e  measurements i n  
t h e  b l ade  t i p  r eg ion .  F r a n c i s  and Kennedy (Ref. 4 )  ob ta ined  ho t  wire  
measurements in t h e  t i p  r eg ion ,  and C h i g i e r  and C o r s i g l i a  (Refs .  5 and 6 )  
a l s o  using hot  wire probes measured t i p  r eg ion  v e l o c i t i e s  bo th  upstream 
and downstream of the  a i r f o i l  t r a i l i n g  edge. F i n a l l y ,  Geissler (Ref.  7) 
and Shivanada, McMahon and Gray (Ref. 8 )  measured t i p  p r e s s u r e  
d i s t r i b u t i o n s .  In  regard t o  s h i p  p r o p e l l e r  s t u d i e s  a survey of l i t e r a t u r e  
has  been made by P l a t z e r  and Souders (Ref. 91,  and experiments  have been 
c a r r i e d  out by Souders and P l a t z e r  (Ref .  18) as w e l l  as J e s s u p  (Ref.  11).  
Although not d i r e c t l y  r e l a t e d  t o  the  h e l i c o p t e r  r o t o r  b l a d e  problem, 
numerous o t h e r  s t u d i e s  have focused upon f a r  f i e l d  wake-vortex 
c h a r a c t e r i s t i c s  (e .g . ,  Ref. 12).  A s  may be d i s c e r n e d  from t h e  p rev ious  
d i s c u s s i o n ,  most experimental  e f f o r t s  i n  t h i s  area have c o n c e n t r a t e d  upon 
t h e  flow downstream of the  a i r f o i l  t r a i l i n g  edge. Some s u r f a c e  p r e s s u r e  
d a t a  has  been t aken  on the  a i r f o i l  i t s e l f  ( e .g . ,  Refs.  3, 5, and 81, and 
some flow f i e l d  d a t a  has  been taken upstream of t h e  a i r f o i l  t r a i l i n g  
edge (Refs. 4-6). However, t he  flow reg ion  u s u a l l y  i n v e s t i g a t e d  is i n  
t h a t  region a f t  of t he  a i r f o i l .  
A review of t he  a n a l y t i c  approaches t o  t h i s  problem shows t h a t  f o r  
t he  most par t  t h e s e  are based upon i n v i s c i d  fo rmula t ions .  For example, 
Kand i l ,  Mook and Nayfeh (Refs .  13 and 14)  and Rehbach (Ref.  15) have 
a p p l i e d  vortex l a t t i c e  methods t o  p r e d i c t  v o r t e x  r o l l - u p  i n  t h e  r e g i o n  
ove r  both r e c t a n g u l a r  and d e l t a  wings. S i m i l a r  l i f t i n g  su r face - type  
a n a l y s i s  have been p resen ted  by Maskew (Ref .  16) f o r  t h e  h e l i c o p t e r  
a p p l i c a t i o n s  and by Kerwin and Lee (Ref.  17 ) ,  Greeley and Kerwin (Ref.  18) 
and Brockett  (Ref. 19) f o r  s h i p  p r o p e l l e r  a p p l i c a t i o n s .  
Although v o r t e x  l a t t i c e  methods are u s e f u l  i n  p r e d i c t i n g  o v e r a l l  f low 
p r o p e r t i e s  such as l i f t  c o e f f i c i e n t s ,  t h e  methods c o n t a i n  some i n h e r e n t  
p r o p e r t i e s  which p rec lude  t h e i r  a p p l i c a b i l i t y  t o  t h e  more d e t a i l e d  a s p e c t s  
of t h e  t i p  v o r t e x  problem. Since they are i n v i s c i d ,  t h e  v o r t e x  l a t t i c e  
methods do not  model t h e  p h y s i c a l  mechanisms of v i scous  g e n e r a t i o n  of 
v o r t i c i t y  at  no - s l ip  f low boundaries  and t h e  subsequent combined 
convec t ion ,  d i f f u s i o n  and d i s s i p a t i o n  of w a l l  gene ra t ed  v o r t i c i t y .  Also  
v a r i a t i o n s  i n  d e t a i l s  o f  t i p  shape which may e f f e c t  v o r t e x  g e n e r a t i o n  are 
d i f f i c u l t  t o  r e p r e s e n t  p rope r ly  i n  a v o r t e x - l a t t i c e  a n a l y s i s .  
The l i m i t a t i o n s  which are inhe ren t  i n  v o r t e x  l a t t i c e  o r  o t h e r  
i n v i s c i d  methods have motivated t h e  development of a l t e r n a t e  c a l c u l a t i o n  
procedures  f o r  t h e  t i p  v o r t e x  problem. One such p o s s i b l e  procedure would 
b e  a s o l u t i o n  of t h e  f u l l  Navier-Stokes e q u a t i o n s .  Upon h y p o t h e s i s  of a 
s u i t a b l e  t u r b u l e n c e  model, the  Navier-Stokes equa t ions  c o n t a i n  a l l  t h e  
r e q u i r e d  mechanisms p r e s e n t  i n  t h e  t i p  v o r t e x  flow f i e l d  and t h e  
compressible  Navier-Stokes e q u a t i o n s  have been used t o  p r e d i c t  complex 
two- and three-dimensional  f lows (e.g. ,  Refs.  20 and 21) .  However, 
s o l u t i o n  of t h e  three-dimensional v i scous  flow problem i n  t h e  a i r f o i l  t i p  
r e g i o n  v i a  t h e  Navier-Stokes equat ions would r e q u i r e  a l a r g e  number of 
g r i d  p o i n t s  t o  r e s o l v e  the  r e q u i r e d  phys ica l  scales.  Th i s  would l ead  t o  
computer run  t i m e s  which at  p r e s e n t  a r e  not p rac t i ca l  on a r o u t i n e  b a s i s .  
Hence, an a l t e r n a t i v e  and more economical three-dimensional  v i s c o u s  f low 
approach w a s  adopted f o r  t h e  p r e s e n t  i n v e s t i g a t i o n .  
Over t h e  p a s t  few y e a r s ,  s e v e r a l  i n v e s t i g a t o r s  have sugges t ed  methods 
aimed a t  o b t a i n i n g  a p h y s i c a l l y  r ea l i s t i c  and numer i ca l ly  sound forward 
marching procedure f o r  three-dimensional v i s c o u s  flows. In  g e n e r a l ,  t h e s e  
methods u t i l i z e  an extended boundary l a y e r  approach based on approximate 
governing e q u a t i o n s  which suppres s  streamwise e l l i p t i c  e f f e c t s  r e q u i r i n g  
downstream boundary c o n d i t i o n s .  Motivated by t h e s e  same g o a l s ,  B r i l e y  and 
McDonald (Ref 22) have developed a new v i s c o u s  pr imarylsecondary f low 
a n a l y s i s  f o r  t h e  p r e d i c t i o n  of a wide class of subsonic  f lows at h igh  
Reynolds number i n  s t r a i g h t  o r  smoothly curved flow geomet r i e s .  
More r e c e n t l y  t h i s  approach has been r e f i n e d  and modif ied t o  remove 
some of t h e  assumptions p r e v i o u s l y  r equ i r ed  t o  o b t a i n  a v i a b l e  forward 
marching procedure (Ref.  2 3 ) .  The approach is  a p p l i c a b l e  t o  f lows which 
have a predominant primary flow d i r e c t i o n  with t r a n s v e r s e  secondary flow, 
and s y n t h e s i z e s  concep t s  from i n v i s c i d  flow theo ry ,  secondary f low theo ry ,  
and "extended" three-dimensional  boundary l a y e r  t heo ry .  The a n a l y s i s  
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u t i l i z e s  a set of v i scous  flow equa t ions  and imposes no - s l ip  boundary 
c o n d i t i o n s  on s o l i d  boundar i e s .  
cross-f lows and i n  f a c t  a l lows  c r o s s  flows of t h e  magnitude of t h e  primary 
flow. The a n a l y s i s  i s  expected t o  o b t a i n  a flow f i e l d  c a l c u l a t i o n  i n  a 
run  t i m e  at least  an o r d e r  of magnitude f a s t e r  t h a n  a Navier-Stokes 
s o l u t i o n  using the  same number of g r i d  p o i n t s ,  t h u s  p r e s e n t i n g  a 
s i g n i f i c a n t  run t i m e  advantage.  A s  w i l l  be shown subsequen t ly  i n  t h e  case 
of t h e  t i p  v o r t e x ,  t h e  a n a l y s i s  c a l c u l a t e s  t he  v o r t e x  formation from c r o s s  
flow s e p a r a t i o n  of t h e  boundary layer  as it is c a r r i e d  around t h e  b l a d e  
t i p .  A s  d i scussed  i n  Ref. 4, t h i s  i s  c l e a r l y  t h e  p h y s i c a l  mechanism o f  
t i p  v o r t e x  formation and, t h e r e f o r e ,  t h e  b a s i c  phys i c s  of t h e  flow are 
modelled i n  t h e  e q u a t i o n s .  In Refs. 22 and 23, B r i l e y  and McDonald 
a p p l i e d  t h i s  a n a l y s i s  t o  three-dimensional  f low i n  curved passages and 
p r e d i c t e d  the  development of t h e  passage flow f i e l d  i n c l u d i n g  t h e  
fo rma t ion  and development of passage and c o r n e r  v o r t i c e s .  Th i s  same 
approach has been app l i ed  a t  SRA t o  t h e  problems of flow i n  c i r c u l a r  d u c t s  
w i th  curved c e n t e r l i n e s  (Ref. 241, lobe mixer f lows  (Ref.  2 5 ) ,  and f u r t h e r  
passage s t u d i e s  (Ref. 26) .  Under t h e  p r e s e n t  c o n t r a c t  t h i s  approach has  
been f u r t h e r  developed wi th  a view toward t h e  t i p  v o r t e x  problem. 
I n t e r i m  r e p o r t s  on t h i s  e f f o r t  are g iven  i n  Ref. 27,and an a p p l i c a t i o n  t o  
t h e  s h i p  p r o p e l l e r  problem is demonstrated i n  Ref. 28. 
The a n a l y s i s  a l s o  does - no t  r e q u i r e  s m a l l  
The present  r e p o r t  d e t a i l s  t h e  e f f o r t  under t h e  s u b j e c t  c o n t r a c t .  
It c o n t a i n s  both mater ia l  from Ref. 27 and new r e s u l t s  o b t a i n e d  s i n c e  t h a t  
r e p o r t .  The fo l lowing  s e c t i o n s  d i s c u s s  a n a l y s i s ,  numerical  methods, 
boundary c o n d i t i o n s ,  e t c .  and g i v e s  r e s u l t s  f o r  a v a r i e t y  of laminar  and 
t u r b u l e n t  test cases. 
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ANALYSIS 
General 
The a n a l y s i s  of three-dimensional  v i scous  f low f i e l d s  such as t h a t  
i n  t h e  a i r f o i l  t i p  r eg ion  p r e s e n t s  a very  d i f f i c u l t  t a s k  f o r  t h e  
computat ional  f l u i d  dynamic is t .  One p o s s i b l e  mode of a t t a c k  would s o l v e  
t h e  f u l l  three-dimensional  Navier-Stokes equa t ions .  Although s u c c e s s f u l  
c a l c u l a t i o n s  of t h e  compress ib le  three-dimensional  Navier-Stokes e q u a t i o n s  
have been made f o r  complex f low s i t u a t i o n s  (e.g., Ref. 21) ,  t h e s e  
s o l u t i o n s  of n e c e s s i t y  r e q u i r e  both r e l a t i v e l y  l a r g e  computer s t o r a g e  and 
r e l a t i v e l y  long run times. Although they have reached t h e  po in t  where 
they  can be used t o  ana lyze  f low f i e l d s ,  they  a r e  most a t t r a c t i v e  when no 
s u i t a b l e  a l t e r n a t i v e  e x i s t s .  I n  t h e  a i r f o i l  t i p  f low f i e l d  problem a 
three-dimensional  Navier-Stokes a n a l y s i s  would r e q u i r e  a l a r g e  enough 
number of g r i d  p o i n t s  t o  de te rmine  t h e  p r e s s u r e  d i s t r i b u t i o n  as w e l l  as t o  
c a l c u l a t e  and s u i t a b l y  r e s o l v e  the  t h i n  v i scous  f low r e g i o n s  i n  t h e  
immediate v i c i n i t y  of t he  a i r f o i l  su r f ace .  With p re sen t  computers t h e  
number of g r i d  p o i n t s  r equ i r ed  f o r  such a t a s k  would r e q u i r e  l a r g e  
q u a n t i t i e s  of computer run t i m e .  Thus, an a l t e r n a t i v e  and more economical 
c a l c u l a t i o n  procedure i s  d e s i r e d .  
One promising method would be a three-dimensional  v i scous  f low 
foward-marching a n a l y s i s .  Such t echn iques  have been developed f o r  s t e a d y  
f lows which s a t i s f y  two requi rements ;  ( i )  they  must have an approximate 
pr imary f low d i r e c t i o n  which can be s p e c i f i e d  a p r i o r i  and ( i i )  f low 
d e r i v a t i v e s  i n  t h i s  approximate primary d i r e c t i o n  must be c o n s i d e r a b l y  
smaller than f low d e r i v a t i v e s  normal t o  t h i s  d i r e c t i o n .  Obviously,  t h e  
t i p  flow f i e l d  s a t i s f i e s  t hese  requi rements  a f t  of t h e  l e a d i n g  edge and,  
t h e r e f o r e ,  is a cand ida te  f o r  a three-dimensional  v i scous  forward marching 
approach. The approach used i n  t h e  p r e s e n t  e f f o r t  i s  based upon t h e  work 
of Br i l ey  and McDonald (Ref.  22). Th i s  procedure has  proven very  
s u c c e s s f u l  i n  the  c a l c u l a t i o n  of three-dimensional  v i scous  i n t e r n a l  f l ows  
con ta in ing  s t r o n g  s t reamwise v o r t i c i t y .  C a l c u l a t i o n s  g i v i n g  d e t a i l e d  
comparison wi th  exper imenta l  d a t a  f o r  a v a r i e t y  of passage f lows are g iven  
by Levy, B r i l e y  and McDonald i n  Ref. 24. The p r e s e n t  s e c t i o n  d e t a i l s  t h i s  
a n a l y s i s  w i th  p a r t i c u l a r  a t t e n t i o n  pa id  t o  t h e  t i p  v o r t e x  g e n e r a t i o n  
process .  
- 
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The governing equa t ions  which are used i n  t h e  a n a l y s i s  a r e  de r ived  from 
t h e  t i m e  averaged Navier-Stokes equat ion through approximations made r e l a t i v e  
t o  a c u r v i l i n e a r  coord ina te  system f i t t e d  t o  and a l igned  with the  f low 
geometry under cons ide ra t ion .  The coord ina te  sys t em is chosen such t h a t  t h e  
streamwise o r  marching coord ina te  e i t h e r  co inc ides  wi th  o r  i s  a t  least 
approximately a l igned  wi th  a known i n v i s c i d  primary f low d i r e c t i o n  as 
determined,  f o r  example, by a p o t e n t i a l  f low f o r  t h e  g iven  geometry. 
Transverse  coord ina te  s u r f a c e s  must  be approximately perpendicular  t o  s o l i d  
w a l l s  o r  bounding s u r f a c e s ,  s i n c e  d i f f u s i o n  i s  permi t ted  only  i n  t h e s e  
t r a n s v e r s e  coord ina te  su r faces .  
Equat ions governing primary f low v e l o c i t y  Up ,  and a secondary 
v o r t i c i t y ,  Qnn, normal t o  t r a n s v e r s e  coord ina te  s u r f a c e s  are der ived  
u t i l i z i n g  approximations which p e r m i t  s o l u t i o n  of t h e  equa t ions  as an 
i n t t i a l - v a l u e  problem, provided r e v e r s a l  of t he  composite streamwise v e l o c i t y  
does not  occur.  Ca lcu la t ions  can be continued through r eg ions  of l i m i t e d  
s e p a r a t i o n  by n e g l e c t i n g  streamwise convect ive terms i n  the  reversed  f low 
reg ion .  T e r m s  r e p r e s e n t i n g  d i f f u s i o n  normal t o  t r a n s v e r s e  coord ina te  
s u r f a c e s  ( i n  the  streamwise d i r e c t i o n )  are neg lec t ed .  Secondary f low 
v e l o c i t i e s  a r e  determined from s c a l a r  and v e c t o r  s u r f a c e  p o t e n t i a l  
c a l c u l a t i o n s  i n  t r a n s v e r s e  coord ina te  s u r f a c e s ,  once the  primary v e l o c i t y  and 
secondary v o r t i c i t y  are known. 
Primary-Secondary Veloc i ty  Decomposition 
I n  t h e  d i s c u s s i o n  which fo l lows ,  v e c t o r s  are denoted by an ove rba r ,  and 
u n i t  v e c t o r s  by a c a r e t .  
o v e r a l l  v e l o c i t y  v e c t o r  f i e l d  v' i n t o  a primary f low v e l o c i t y  fip and a 
The a n a l y s i s  is based on decomposition of t h e  
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- 
secondary f low v e l o c i t y  Us. The o v e r a l l  o r  composite v e l o c i t y  i s  
determined from t h e  s u p e r p o s i t i o n  
- 
S 
u = i  + i  
P 
The primary f low v e l o c i t y  is r ep resen ted  as 
- - 
U = U i  
P P P  
A 
where ip is a known i n v i s c i d  primary f low d i r e c t i o n  determined f o r  example 
from a n  - a p r i o r i  p o t e n t i a l  f low s o l u t i o n  f o r  t h e  geometry under 
cons ide ra t ion .  I n  many cases, a streamwise coord ina te  d i r e c t i o n  from a body 
f i t t e d  coord ina te  system i s  an  adequate  approximation t o  t h i s  p o t e n t i a l  f low 
d i r e c t i o n .  
pr imary  f low momentum equat ion .  
from s c a l a r  and v e c t o r  s u r f a c e  p o t e n t i a l  denoted 4 and $, r e s p e c t i v e l y .  If 
i n  denotes  the  u n i t  v e c t o r  normal t o  t r a n s v e r s e  coord ina te  s u r f a c e s ,  i f  p 
is d e n s i t y ,  and if po is an a r b i t r a r y  cons t an t  r e f e r e n c e  d e n s i t y ,  t hen  ES 
The primary v e l o c i t y  fip is determined from s o l u t i o n  of a 
The secondary f low v e l o c i t y  6, i s  de r ived  
CL 
i s  def ined by 
u S EVs+ + (3) 
where V, is  t h e  s u r f a c e  g r a d i e n t  o p e r a t o r  de f ined  by 
- -  
v E v - i (i,-o> 
S n ( 4 )  
A - 
It fol lows t h a t  s i n c e  in Us = 0, then  Us l i e s  e n t i r e l y  w i t h i n  
t r a n s v e r s e  coord ina te  s u r f a c e s .  Equat ion  ( 3 )  i s  a g e n e r a l  form p e r m i t t i n g  
both r o t a t i o n a l  and i r r o t a t i o n a l  secondary f lows and w i l l  l e a d  t o  govern ing  
equa t ions  which may be so lved  as an  i n i t i a l - b o u n d a r y  v a l u e  problem. Based 
upon Eqs. ( 2 )  and ( 3 1 ,  t h e  o v e r a l l  v e l o c i t y  decomposi t ion (1) can be w r i t t e n  
- 
U - U i  + v + +  
P P  S (5) 
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Surface Potential Equations 
Equations relating 4~ and JI with U p ,  P, and the secondary vorticity 
component Qn can be derived using Eq. ( 5 )  as follows: From continuity, 
and 
the 
from the definition of the vorticity based on the secondary flow within 
transverse surfaces, Qn 
Since the last term in each of Eqs. 
Eqs. ( 6  and 7) can be written as 
( 6  and 7) is zero by vector identity, 
= -V-pU 5 
P P  
Note that the last term in Eq. (9)  is identically zero in a coordinate system 
for which in and ip have the same direction. 
fin and p ,  the surface potentials 4 and JI can be determined by a 
two-dimensional elliptic calculation in transverse coordinate surfaces at 
each streamwise location. In turn, Us can be computed from Eq. ( 3 ) ,  and 
the composite velocity will satisfy continuity. Equations for Up and 
Qn are obtained from the equations governing momentum and vorticity, 
respectively. 
A A 
Given a knowledge of Up, 
- 
The streamwise momentum equation is given by 
9 
where P i s  p r e s s u r e ,  PF is f o r c e  due t o  v i scous  stress and terms i n  F 
r ep resen t ing  streamwise d i f f u s i o n  are neglec ted .  p i  is  t h e  a d d i t i o n a l  f o r c e  
- -  
due t o  a r o t a t i n g  coord ina te  system; where E = -2; x fi - m( o x r ) ,  o i s  t h e  
angu la r  v e l o c i t y  of t he  coord ina te  system and f is the  r a d i u s  v e c t o r  from t h e  
r o t a t i o n  ax i s .  For the  p re sen t  r o t a t i o n a l  e f f e c t s  have not  been inc luded  
i n  t h e  cases  considered a l though they have been inc luded  i n  the  work of 
Ref. 28. The p res su re  term i n  t h e  streamwise momentum equa t ion  (10) can be 
taken from a s impler  a n a l y s i s  such as a p o t e n t i a l  f low a n a l y s i s ,  and w i t h i n  
t h e  present  a n a l y s i s  must be obta ined  from an e x t e r n a l  source .  While t h i s  
r e s u l t s  i n  a s e t  of equat ions  which can be so lved  by forward marching, t h e  
s u r f a c e  pressures  which are due t o  t h e  p r e s s u r e  f i e l d  imposed upon t h e  f low 
are t h e  p o t e n t i a l  f low p res su res .  Since the  a c t u a l  s u r f a c e  p r e s s u r e s  are 
o f t e n  of primary i n t e r e s t ,  a r ev i sed  computation of t h e  a c t u a l  s u r f a c e  
p r e s s u r e  which inc ludes  v i scous  and secondary f low e f f e c t s  can be ob ta ined  
from t h e  r e s u l t i n g  v e l o c i t y  f i e l d  i n  t h e  fo l lowing  manner. 
The momentum equat ions  i n  the  t r a n s v e r s e  s u r f a c e s  are: 
Equat ion (11) r e p r e s e n t s  components of t h e  momentum v e c t o r  i n  t h e  t r a n s v e r s e  
s u r f  aces : 
The divergence of t h i s  v e c t o r  can be w r i t t e n  as a Poisson  equa t ion  f o r  t h e  
p r e s s u r e  P a t  each t r a n s v e r s e  s u r f a c e :  
where PI i s  t h e  imposed p r e s s u r e ,  obtained from an independent source  
such  as an i n v i s c i d  a n a l y s i s ,  Pc i s  a v i s c o u s  c o r r e c t i o n  t o  t h e  
p r e s s u r e  f i e l d  and x i  and x2 are coord ina tes  i n  t h e  i l  and 1 2  
d i r e c t i o n s ,  r e s p e c t i v e l y .  Equat ion (13) can be so lved  f o r  t h e  p re s su re  
c o r r e c t i o n ,  Pc, a t  each computational s t a t i o n  us ing  Neuman boundary 
c o n d i t i o n s  de r ived  from Eq. (12) .  The use  of Neuman boundary c o n d i t i o n s  
r e q u i r e s  an a d d i t i o n a l  parameter which is  only  a f u n c t i o n  of t he  normal 
d i r e c t i o n ,  Pv(x3) ,  i n  o r d e r  t o  set t h e  l e v e l  of t h e  p re s su re  f i e l d .  For 
i n t e r n a l  f lows Pv(x3) would be set t o  ensu re  t h a t  an i n t e g r a l  mass f l u x  
c o n d i t i o n  i s  s a t i s f i e d  
L. A 
/. 7 - p Z d A  = CONSTANT 
For e x t e r n a l  f lows Pv(x3) i s  set t o  match t h e  imposed p res su re  a t  an 
a p p r o p r i a t e  f a r  f i e l d  l o c a t i o n .  It should be noted t h a t  i n  a r ecen t  e f f o r t  
(Ref. 23) B r i l e y  and McDonald have modified t h i s  a n a l y s i s  so as t o  o b t a i n  t h e  
p r e s s u r e  f i e l d  on t h e  primary f low v e l o c i t y  as p a r t  of t h e  s o l u t i o n  
procedure.  
Secondary V o r t i c i t y  
A 
The equa t ion  governing fin is obtained from t h e  normal ( i n )  component 
of t h e  c u r l  of t h e  v e c t o r  momentum equat ion.  The 
r e s u l t s  i n  a s i n g l e  equa t ion  f o r  t he  t r a n s p o r t  of 
t r a n s v e r s e  su r face .  This equat ion  has t h e  form 
- - u -.OR - Q  - vu = c  + c +  n n n 
where Gn i s  t h e  normal component of 
- 
G = V x T  
e l i m i n a t i o n  of t h e  p r e s s u r e  
t h e  v o r t i c i t y  normal t o  t h e  
A 
i ( V E )  n 
( 1 6 )  
and C i s  a c o l l e c t i o n  of cu rva tu re  terms a r i s i n g  from changes i n  o r i e n t a t i o n  
of t h e  t r a n s v e r s e  s u r f a c e s  as a func t ion  of streamwise coord ina te .  
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Boundary Condi t ions  
Although boundary cond i t ions  have been d i scussed  b r i e f l y  i n  t h e  p rev ious  
s u b s e c t i o n s ,  i t  is  advantageous t o  review and expand t h e  d i s c u s s i o n  here .  I n  
regard t o  boundary c o n d i t i o n s ,  t h r e e  types  of boundar ies  are p r e s e n t ;  t h e s e  
are t h e  s o l i d  wal l  boundary a t  the  a i r f o i l ,  t h e  free s t r eam boundary and t h e  
inboard boundaries.  Consider ing f i r s t  t h e  s o l i d  w a l l ,  t h i s  i s  a no - s l ip ,  
no-through f l o w  boundary. 
ze ro  a t  the  wal l .  The c o n t i n u i t y  equa t ion  is so lved  wi th  a $ / h  = 0 which 
The primary v e l o c i t y  component i s  s p e c i f i e d  t o  be 
1 2  
The Gas Law Equat ion 
For incompressible  f low d e n s i t y  i s  a cons t an t  va lue  and t h e  Eqs .  ( 8 ) ,  
( 9 ) ,  ( l o ) ,  (13) and (16)  form the  r equ i r ed  governing set .  For compress ib le  
f low an a d d i t i o n a l  equat ion  r e l a t i n g  t h e  d e n s i t y  t o  the o t h e r  f low v a r i a b l e s  
i s  r equ i r ed .  Such an equat ion  is obta ined  fom t h e  p e r f e c t  gas  l a w  
P = PRT 
Assuming constant  t o t a l  t empera ture ,  Eq. (17)  can be w r i t t e n  as 
which r e l a t e s  d e n s i t y ,  p re s su re  and v e l o c i t y .  I f  t h e  t o t a l  t empera ture  
assumption is  inadequate  an energy equat ion  can be added t o  t h e  s y s t e m  and 
solved coupled with the  streamwise momentum equat ion .  
Governing Sys tem of Equat ions  
A complete s y s t e m  of f i v e  coupled equa t ions  governing U p ,  k, $ 
and P i s  given by Eqs .  ( 8 ) ,  ( 9 ) ,  ( l o ) ,  (13  and 15).  A n c i l l a r y  r e l a t i o n s  are 
g iven  by Eq. (5) f o r  composite v e l o c i t y .  I n  r e f e r e n c e  29, t h e s e  equa t ions  
a r e  g iven  i n  gene ra l  o r thogonal  coord ina te s  and i n  r e f e r e n c e  24 i n  
nonorthogonal coord ina te s .  
gives zero normal velocity and a non-zero wall slip velocity equal to Vt. 
Finally, the coupled stream function - vorticity set is solved subject to 
zero normal velocity and a tangential velocity specified as -Vt thus giving 
a composite no-slip, no-through flow condition. At the freestream boundary 
the primary velocity is extrapolated from interior points. The scalar 
potential is set to a constant so that the tangential component of the 
irrotational velocity is zero. This condition allows outflow through the 
boundary due to the displacement effect of the boundary layer on the blade. 
The angle of attack of the flow specifies a component of the transverse 
velocity on the boundary. 
this component of the transverse velocity along the boundary. The streamwise 
vorticity is set to zero. Finally, at inboard boundaries the spanwise 
derivative of the streamwise velocity is set to zero. The scalar potential 
is treated by setting its spanwise derivative to zero. The vector potential 
is set to a constant, and the streamwise vorticity set to zero. This 
corresponds to a two-dimensional flow situation at the inboard boundary. 
The vector potential is obtained by integrating 
A more recent treatment of this inboard boundary condition is now 
available where the two-dimensional assumption is replaced by computation of 
a velocity field indued by the entire rotor. This treatment permits the 
inboard boundary to be placed closer to the tip. Under this portion of the 
effort the inboard boundary conditions were reformulated to represent the 
influence of the inboard sections on the wing tip flow field. Thus, the 
specification of the inboard boundary conditions should be related to the 
velocity field of the wing which contains the influence of the lift 
distribution and the trailing vortex sheet of the entire wing. With these 
considerations in mind, a revised inboard boundary condition was formulated. 
In this approach a spanwise velocity distribution along the inboard 
boundaries compatible with the viscous flow equations is obtained from 
solution of the coupled vector potential-vorticity equations along the 
inboard boundaries utilizing the inviscid spanwise velocity as an outer 
boundary condition. Neglecting spanwise variations, the coupled vector 
potential-vorticity equations are solved as a two-point boundary value 
problem along the inboard boundaries. Boundary conditions are specified 
from the no-slip and no through-flow velocity conditions on the wing surface 
(at B - C of Fig. 22), and the inviscid spanwise velocity and zero streamwise 
vorticity at the outer boundary (at A - D of Fig. 22). The solution to 
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the vector potential is used as the inboard boundary condition for the 
coupled vector potential-vorticity equations for the interior tip flow 
field. When an inviscid velocity field about the wing is available, the 
spanwise velocity boundary condition is derived from this flow field as 
outlined. If an inviscid flow field is not available, the required inviscid 
flow information can be approximated from the induced velocity field derived 
from an assumed spanwise lift distribution. 
Most of the calculations presented in this report were performed using 
the two-dimensionality assumption on the inboard boundary except those 
calculations presented at the end of the results section. The results of 
calculations performed using the revised boundary condition formulation are 
presented in the section entitled Inboard Boundary Condition Study. 
Numerical Method 
Since techniques for obtaining the basic potential flow solution used to 
obtain the imposed pressure required in Eq. (10) are well known and numerous, 
they are not discussed here. In this regard it should be noted that the 
basic tip vortex formation process can be obtained in the absence of any 
imposed pressure as was demonstrated by Govindan, Levy and Shamroth 
(Ref. 28). The present development concentrates on describing the numerical 
method used to solve the viscous primary/secondary equations. Streamwise 
derivative terms in the governing equations have a form such as u,a( >/axl, 
and because the streamwise velocity ul is very small in the viscous dominated 
region near no-slip walls, it is essential to use implicit algorithms which 
are not subject to stringent stability restrictions unrelated to accuracy 
requirements. Although it is possible to devise algorithms for the solution 
of the governing equations as a fully coupled implicit system, such 
algorithms would require considerable iteration for the system of equations 
treated here, and this would detract from the overall efficiency. The 
present method partitions the system of correction equations into subsystems 
which govern the primary flow, the secondary flow, and the turbulence model. 
This technique reduces the amount of iteration required and yet avoids the 
more severe stability restrictions of explicit algorithms. The primary-f low 
subset of equations contains the streamwise momentum equation. The 
secondary-flow subset of equations contains the secondary vorticity equation, 
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the scalar and vector potential equations and the pressure equation. These 
subsystems are decoupled using an ad hoc linearization in which secondary 
velocity components and turbulent viscosity are lagged and are solved 
sequentially during each axial step. 
Summary of Algorithm 
Physical approximations are made to the time-averaged Navier-Stokes 
equations to permit solution by a forward-marching algorithm. These 
approximations include specifying a nominal primary flow direction, neglect 
of diffusion in this specified direction, and the specification of the 
pressure gradient in the specified direction. The pressure gradient is taken 
from a potential flow solution for the flow. The resulting governing 
equations are rewritten with a change of variable resulting from the velocity 
decomposition of Eq. (5) .  
In the governing equations derivatives are replaced by finite-difference 
approximations. Three-point central difference formulas are used for all 
transverse spatial derivatives. Analytical coordinate transformations are 
employed as a means of introducing a nonuniform grid in each transverse 
coordinate direction, as appropriate, to concentrate grid points in the wall 
boundary layer regions. Second-order accuracy for the transverse directions 
is rigorously maintained. Two-point backward difference approximations are 
used for streamwise derivatives, although this is not essential. 
As a first step in the procedure, a scalar AD1 scheme is used for 
the momentum equation, Eq. (IO). Given the solution for the primary flow, 
the secondary flow subsystem can be solved. First, the scalar potential 
equation (continuity), Eq. (8), is solved using a scalar iterative AD1 
scheme. Next, the secondary vorticity and vector potential equations, 
Eqs. (15)  and (19)  are written as a fully implicit coupled system and solved 
using an iterative linearized block implicit ( L B I )  scheme (cf. Briley and 
McDonald (30)). In selecting boundary conditions for the secondary flow 
subsystem, care must be taken to ensure that the final secondary velocity 
satisfies the no-slip condition accurately. Zero normal derivatives of @ are 
specified in the scalar potential equation, and this boundary condition 
corresponds to zero normal velocity. It is not possible to simultaneously 
specify the tangential velocity, however, and thus the $-contribution to the 
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secondary v e l o c i t y  w i l l  have a nonzero t a n g e n t i a l  ( s l i p )  component, denoted 
v t ,  a t  s o l i d  boundar i e s .  In  t h e  coupled v o r t i c i t y  and v e c t o r - p o t e n t i a l  
e q u a t i o n s ,  both normal and t a n g e n t i a l  v e l o c i t y  components can be s p e c i f i e d  as 
boundary c o n d i t i o n s ,  s i n c e  t h e s e  e q u a t i o n s  are so lved  as a coupled system. 
By choosing ( a )  z e r o  normal v e l o c i t y ,  and ( b )  -vt as t h e  $-contribution t o  
t h e  t a n g e n t i a l  v e l o c i t y ,  t h e  s l i p  v e l o c i t y  v t  a r i s i n g  from t h e  + 
c a l c u l a t i o n  i s  c a n c e l l e d ,  and the  composite secondary flow v e l o c i t y  i n c l u d i n g  
both I$ and J, c o n t r i b u t i o n s  w i l l  s a t i s f y  t h e  no - s l ip  c o n d i t i o n  e x a c t l y .  The 
p r e s s u r e  equat ion (13) i s  solved us ing  a s c a l a r  i t e r a t i v e  AD1 scheme. 
A summary of the  o v e r a l l  a lgo r i thm used t o  advance t h e  s o l u t i o n  a s i n g l e  
a x i a l  s t e p  fo l lows .  It i s  assumed t h a t  t he  s o l u t i o n  i s  known a t  the  n- level  
xn and is d e s i r e d  at xn+l.  
(1) The imposed streamwise p r e s s u r e  g r a d i e n t  d i s t r i b u t i o n  i s  determined 
from an - a p r i o r i  i n v i s c i d  p o t e n t i a l  flow. 
(2 )  
( 3 )  Using va lues  now a v a i l a b l e  f o r  and u n + l ,  t h e  s c a l a r  
The momentum e q u a t i o n  i s  solved t o  determine u n + l .  
p o t e n t i a l  equa t ion  (8) is  so lved  u s i n g  an i t e r a t i v e  scalar AD1 
scheme, t o  o b t a i n  $n+l. 
equa t ion  i s  s a t i s f i e d .  
This  e n s u r e s  t h a t  t h e  c o n t i n u i t y  
( 4 )  The e q u a t i o n s  f o r  v o r t i c i t y  (15)  and v e c t o r  p o t e n t i a l  (9)  form a 
coupled system f o r  Qn+l and $n+l which is  so lved  as a coupled 
s y s t e m  us ing  an i t e r a t i v e  LBI scheme. 
( 5 )  Values f o r  t h e  t r a n s v e r s e  v e l o c i t i e s  vs and ws are computed 
from Eq. ( 3 ) .  
( 6 )  The p res su re  i s  computed from Eq. ( 1 3 ) .  
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RE SULT S 
Although the analysis previously described represents that which is 
currently used, the present effort was initiated prior to its full 
development. During early parts of the effort, a more approximate method was 
used. The major difference was use of an approximate no-slip condition in 
the secondary flow velocity components since at this stage of the development 
the coupled vorticity-stream function solver was not available. In this 
early work at any streamwise station the solution to the equations yielded a 
secondary flow slip velocity and the no-slip condition was obtained through a 
semi-empirical correction. Details of this as well as other items such as 
boundary conditions are given in Ref. 27. In this report calculations 
presented in Figs. 4-8 contain the semi-empirical correction to approximate 
the secondary flow no-slip condition. Figures 9-22, and the 
Concluding Remarks section of this report are based on calculations which use 
the rigorous no-slip condition at the rotor surface. 
Initial Results Demonstrating Feasibility of this Approach 
The initial portion of the program has been reported in Ref. 27 and for 
completeness is reviewed here. The results considered a constant thickness 
slab airfoil of rectangular planform immersed in a free stream at incidence 
of 6'. 
configuration is an approximation, it represented a viable test case for an 
initial assessment of the procedure without the added complexity of 
body-fitted coordinates fitting the contoured airfoil. The pressure 
distribution used was obtained from calculations of Maskew (Ref. 16) and 
furnished by NASA Langley Research Center. The initial effort focused upon 
two problem areas; these were an analysis of the detailed tip vortex 
generation process and a qualitative comparison of the computed results with 
experimental data. A sketch indicating the coordinate system used is given 
in Figs. 1 and 2. 
The Reynolds number is lo6 based on chord. Although the 
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0 
Figure 1. - Sketch of coordinate system. 
18 
Y = Ymfn 
z 
Y 
F i g u r e  2. - G r i d  b o u n d a r i e s  
z = z  max 
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Computational Grid 
- 
Pt. No. 1 2 3 4 5 6 7 
yIc or z/c -.25 -.193 -.141 -.098 -.065 -.041 -.024 
The computational g r i d  i n  t h e  c r o s s  f low p lane  w a s  ob ta ined  v i a  Rober t s '  
t ransformat ions  (Ref. 31) i n  both the  t r a n s v e r s e ,  y, d i r e c t i o n  and t h e  
spanwise,  z, d i r e c t i o n .  The l i n e  de f ined  by y = 0, z = 0 ( t h e  x-axis)  w a s  
t aken  t o  l i e  a t  t he  i n t e r s e c t i o n  of the  x-y p lane  co inc id ing  wi th  the  a i r f o i l  
t i p  l o c a t i o n  and the  x-z plane co inc id ing  wi th  t h e  a i r f o i l  c e n t e r p l a n e  
l o c a t i o n  as shown i n  F igs .  1 and 2. The Rober t s '  t r ans fo rma t ion  w a s  
performed so a s  t o  concen t r a t e  x-y p lanes  i n  t h e  v i c i n i t y  of t he  a i r f o i l  t i p  
and x-z planes i n  the  v i c i n i t y  of t he  a i r f o i l  s u r f a c e .  The c r o s s - s e c t i o n a l  
computat ional  p lane  was cons t ruc t ed  as a 19 x 19 g r i d  wi th  p o i n t s  l o c a t e d  a t  
the  fol lowing l o c a t i o n s .  
. 
TABLE I. - Secondary Plane Grid Po in t  Loca t ions  
Pt. No. 8 9 10 11 12 13 
yIc or z / c  -.OK! - .005 0 .oos .012 .024 
14 
.041 
P t .  No. 15 16 17 18 
y/c or z/c -065 .098 .141 .193 
The wing th i ckness  was taken t o  be 0 . 0 1 ~ ;  i . e . ,  t h e  wing w a s  t aken  t o  be 
t h r e e  gr id  p o i n t s  t h i c k .  I n  the  s t reamwise d i r e c t i o n  a nonuniform g r i d  which 
concent ra ted  p o i n t s  i n  the  a i r f o i l  l e a d i n g  edge r eg ion  w a s  used. The 
streamwise g r i d  p o i n t s  were loca ted  as fo l lows :  
19 
.25 
20 
TABLE 11. - Streamwise Grid Po in t  Loca t ions  
r . 
P t .  No. 1 2 3 4 5 6 7 
X I C  -0.1 -0.05 0.01 0.02 0.03 0.04 0.05 
. 
P t .  No. 8 9 10 11 12 13 
X I C  0.07 0.09 0.11 0.13 0.15 0.19 
14 
0.23 
- 
Pt. No. 15 16 17 18 19 20 21 
X I C  0.28 0.33 0.38 0 . 4 3  0.48 0 . 5 4  0.60 
I 
where x/c  = 0 i s  the l o c a t i o n  of the a i r f o i l  l ead ing  edge. 
flow plane g r i d  p o i n t s  i n  the v i c i n i t y  of t h e  t i p  a r e  shown i n  Fig.  3 .  
The secondary 
The c a l c u l a t i o n  was i n i t i a t e d  a t  x/c = -0.1 which is  upstream of the  
a i r f o i l  l ead ing  edge. A t  the  i n i t i a l  plane the  streamwise v e l o c i t y  w a s  se t  
e q u a l  t o  t h e  v e l o c i t y  p r e d i c t e d  by the  vo r t ex  l a t t i c e  method and t h e  
streamwise v o r t i c i t y  w a s  s e t  equal  t o  zero.  Upon reaching  the  a i r f o i l ,  
n o - s l i p  c o n d i t i o n s  a t  the  a i r f o i l  su r f ace  were app l i ed  t o  the  streamwise 
momentum equa t ion  and t h i s  sudden a p p l i c a t i o n  of the no - s l ip  boundary d i d  no t  
l e a d  t o  any numerical  problems. In c o n t r a s t ,  however, a s p e c i a l  t echn ique  
w a s  r e q u i r e d  f o r  the  v o r t i c i t y  t r a n s p o r t  equa t ion  upon reaching  the  a i r f o i l .  
A t  t h e  i n i t i a l  p lane  upstream of t h e  a i r f o i l ,  the  v o r t i c i t y  was taken  
t o  be z e r o ,  and no v o r t i c i t y  i s  generated u n t i l  t h e  a i r f o i l  i s  reached. 
Rather  t han  so lve  t h e  v o r t i c i t y  t r anspor t  equa t ion  a t  the  f i r s t  s t a t i o n  a t  
which t h e  a i r f o i l  i s  encountered ,  the  v o r t i c i t y  was assumed t o  be ze ro  a t  
t h i s  l o c a t i o n .  The s t ream f u n c t i o n  equat ion  was so lved ,  l e a d i n g  t o  a 
p r e d i c t i o n  of an i r r o t a t i o n a l  secondary flow f i e l d  which has a s i g n i f i c a n t  
spanwise s l i p  v e l o c i t y .  
secondary flow which decreased  the  spanwise v e l o c i t y  t o  ze ro  a t  the  a i r f o i l  
s u r f a c e  and genera ted  streamwise v o r t i c i t y .  The streamwise v o r t i c i t y  
gene ra t ed  i n  t h i s  manner w a s  taken as the  v o r t i c i t y  a t  the  f i r s t  s t reamwise  
p lane  c o n t a i n i n g  t h e  a i r f o i l ;  a t  subsequent streamwise l o c a t  i ons  the  
v o r t i c i t y  i s  determined from the v o r t i c i t y  conse rva t ion  equa t ion .  
A boundary layer  c o r r e c t i o n  w a s  a p p l i e d  t o  t h i s  
P t .  No. 22 23 24 25 26 27 
X I C  0.65 0.70 0.75 0.80 0.85 0.90 
2 1  
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The calculation was initiated as a constant viscosity flow with the 
viscosity being equal to the expected wall region eddy viscosity and 
transition to the usual simple eddy viscosity was assumed to occur at 
x/c = 0.19. Downstream of x/c = 0.19 a simple eddy viscosity model was used. 
Turbulence Model 
Since most airfoil flows of practical interest are in the turbulent 
regime, it is appropriate to include a turbulence model In the formulat€on. 
The eddy viscosity model used in the present effort assumes an eddy viscosity 
distribution throughout the boundary layer of approximately parabolic form 
with the maximum eddy viscosity being set as a function of the displacement 
thickness Reynolds number as suggested by Clauser (Ref. 3 2 ) .  According to 
Clauser, the maximum value of eddy viscosity is given by 
‘UAX “,6* - 0.016- 
V V 
The distribution within the boundary layer is taken as the following function 
of y/6 where 6 is the boundary layer thickness. 
‘ ‘UAX 
E c w x [  I - y / 8 ]  /0.5 
y / s  s 0.2 
0.2 L y / 8  50 .5  
0.5 2 y / s  I 1.0 
It should be noted that with this eddy viscosity model, turbulent 
viscosity is limited to regions in which the streamwise boundary layer is 
present. This is clearly a simplification and, as is commented upon 
subsequently, will give low values of vorticity diffusion. It should be 
23 
noted that the three-dimensional forward marching procedure has been used in 
conjunction with a two-equation turbulence model in Ref. 25, and such a model 
could be incorporated in the tip vortex version of this computer code. 
The Predicted Tip Vortex Generation Mechanism 
The results reported in Ref. 27 fall into two categories; (i) detailed 
numerical predictions and (ii) a qualitative understanding of the tip vortex 
generation mechanism. Since an understanding of the generation mechanism may 
aid the reader in understanding the detailed results for the cases which 
follow, this generation mechanism, as calculated by the analysis, is 
discussed first. Upon encountering the wing at incidence, the inviscid 
potential flow generates a pressure field leading to high pressures below and 
low pressures above the airfoil. Obviously, as the tip itself is approached, 
the pressures on the upper and lower sides must become equal. The pressure 
imbalance, thus generated, drives an irrotational flow in the secondary flow 
plane from the pressure side outboard, around the tip and finally inboard on 
the suction side. This secondary flow pattern is required to obey the 
no-slip condition at the airfoil surface and this no-slip condition generates 
positive vorticity on both the upper and lower surfaces. Due to the 
secondary flow pattern, the vorticity generated on the pressure surface is 
convected outboard and the vorticity generated on the suction surface is 
convected inboard. 
As the flow proceeds downstream, the vorticity generated on the pressure 
surface is convected to the tip, shed off the tip and convected and diffused 
in a general upward and inboard direction. At some streamwise location the 
amount of positive vorticity appearing above the suction surface is 
sufficient t o  create a counterclockwise, circular, secondary flow velocity 
pattern above the suction surface; such that the spanwise velocity in the 
immediate vicinity of the airfoil suction surface is then directed outboard. 
However, since the no-slip condition must be satisfied, a region of negative 
vorticity appears adjoining the tip suction surface. 
At approximately the same streamwise location, the positive vorticity 
which as been shed from the pressure surface and convected upward forms a 
"tongue-like'' region of free vorticity above the suction surface and clearly 
distinct from the cross flow boundary layer. AS is shown subsequently in 
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the p r e s e n t  s l a b  a i r f o i l  c a l c u l a t i o n ,  the appearance of t h i s  free v o r t i c i t y  
occurred fo l lowing  the  appearance of the nega t ive  v o r t i c i t y  region.  
These r e s u l t s  are i n  q u a l i t a t i v e  agreement wi th  t h e  exper imenta l  ev idence  of 
F r a n c i s  and Kennedy (Ref. 4 )  f o r  the  t i p  v o r t e x  g e n e r a t i o n  process .  
De ta i l ed  R e s u l t s  
The r e s u l t s  of t h e  c a l c u l a t i o n  procedure are shown i n  F igs .  4-8. Due t o  
t h e  s c a r c i t y  of exper imenta l  d a t a ,  it i s  d i f f i c u l t  t o  make a d e f i n i t i v e  
assessment  of t h e  p r e d i c t i o n  at  t h e  present  t i m e ;  however, t he  d a t a  of 
Ch ig ie r  and C o r s i g l i a  (Ref. 6 )  and Franc is  and Kennedy (Ref. 4 )  can be used 
f o r  guidance.  
immersed i n  a f l u i d  a t  chord Reynolds number of 9.5 x l o 5 ,  and a t  an 
inc idence  ang le  of 12". The d a t a  of Ref.  4 were taken  f o r  a 46009 squa re  
t i p ,  r e c t a n g u l a r ,  un twis ted  a i r f o i l  s e c t i o n  a t  4' inc idence .  Although t h e s e  
c o n d i t i o n s  obvious ly  d i f f e r  from those  of t h e  case cons idered  h e r e ,  both 
cases r e p r e s e n t  h igh  Reynolds number a i r f o i l s  w i th  r e c t a n g u l a r  planform t i p  
shapes and both cases are f o r  flows below t h e  s t a l l  cond i t ion .  Thus, t h e  
d a t a  of Refs. 4 and 6 can s e r v e  as a s u i t a b l e  q u a l i t a t i v e  guide f o r  a s s e s s i n g  
t h e  p r e d i c t e d  r e s u l t s .  
The d a t a  of Ref. 6 were taken f o r  a NACA 0015 a i r f o i l ,  
A summary of t h e  computed r e s u l t s  is presented  i n  Fig. 4 which shows t h e  
v o r t e x  l o c a t i o n  and t h e  maximum f r e e  v o r t i c i t y  magnitude. A s  i s  shown i n  
Fig.  5 ,  t h e  s t reamwise v o r t i c i t y  c o n s i s t s  of t vo  p a r t s ;  one p o r t i o n  i s  
c l e a r l y  a s s o c i a t e d  wi th  v o r t i c i t y  i n  the cross-f low boundary l a y e r s  on bo th  
t h e  s u c t i o n  and p r e s s u r e  a i r f o i l  sur faces .  The second p o r t i o n  l i e s  o u t s i d e  
t h e  c r o s s  f low boundary l a y e r s  and r e s u l t s  from v o r t i c i t y  shed a t  t h e  a i r f o i l  
t i p ;  t h i s  is termed t h e  f r e e  v o r t i c i t y .  F igu re  4 shows t h e  l o c a t i o n  of t h e  
c e n t e r  of t h e  f r e e  v o r t i c i t y  as a func t ion  of streamwise d i s t a n c e ;  t h i s  
l o c a t i o n  has  been taken  from Figs .  5. 
A s  shown i n  t h e  upper p o r t i o n  of Fig. 4 ,  no d e f i n i t e  f r e e  v o r t e x  appea r s  
u n t i l  x/c > 0.3;  upstream of t h i s  l o c a t i o n ,  t h e  v o r t i c i t y  appears  t o  be 
concen t r a t ed  i n  t h e  boundary l a y e r s .  A f t e r  i t s  appearance the  co re  moves 
away from t h e  a i r f o i l  s u r f a c e  and inboard. A t  t h e  l a s t  s t a t i o n  cons ide red ,  
t h e  co re  is l o c a t e d  at  y / c  = -0.06 and z / c  = -0.01. The d a t a  of Ref. 6 f o r  
t h e  NACA 0015 a i r f o i l  a t  12' inc idence  show a v o r t e x  t o  appear  f i r s t  a t  
x/c  = 0.25; while that  of Ref. 4 showed t h e  v o r t e x  f i r s t  t o  appear a t  
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Figure 4. - Computed vortextdevelopment. 
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x/c = 0.60; these results are in reasonable agreement with the current 
prediction. The data then show the core to move away from the surface to a 
location y/c = -0.09, and inboard to a location z/c * -0.05. Although this 
data shows differences with the present prediction, particularly insofar as 
spanwise location is concerned, good qualitative agreement exists between 
the data of Ref. 6 and the predictions of the current analysis in terms of 
vortex location. Furthermore, in regard to the data of Ref. 6 since higher 
incidence angle will be accompanied by a stronger pressure differential from 
the pressure to the suction side of the airfoil, it is expected that higher 
incidence will produce a stronger flow around the airfoil tip; 
i.e., a secondary flow having both larger normal and spanwise velocity 
components. This stronger secondary flow would be expected to convect the 
shed vorticity both further above the airfoil and further inboard from the 
airfoil tip. Thus, the difference between the current prediction and the 
data of Ref. 4 is qualitatively as expected. 
The lower portion of Fig. 4 shows the magnitude of the maximum vorticity 
appearing in the free vortex. As can be seen, this continuously decreases 
due to viscous effects which tend both to diffuse vorticity from regions of 
high to low vorticity concentration and to decrease the total amount of 
vorticity in the field. It should be noted that with the present turbulence 
model, the turbulent viscosity in the vortex core is underestimated and, 
hence, the diffusion of vorticity in the core region is also underestimated. 
The vorticity has been normalized by um/c where uoo is the u component of 
velocity at upstream infinity and c is the chord. 
Vorticity contours at selected streamwise stations are shown in 
Figs. 5. At x/c = 0.11 the streamwise vorticity is associated almost 
entirely with the cross flow boundary layers on the upper and lower airfoil 
surfaces and at the tip. The free stream is basically an irrotational flow 
field. The last laminar station is at x/c = 0.19. At this location there 
appears to be a concentration of positive vorticity in the tip region with 
some vorticity in the free stream and a small area of negative vorticity 
appears just above the airfoil surface for the first time. This appearance 
is explained as follows. The positive vorticity collecting above the suction 
surface in the tip region causes the free stream in this region to be 
rotational. This rotational free stream leads to a counterclockwise rotating 
fluid pattern above the suction surface. However, the fluid must obey the 
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no-s l ip  cond i t ion  on t h e  a i r f o i l  s u r f a c e  and impos i t i on  of t h e  no - s l ip  
c o n d i t i o n  t o  t h e  secondary flow g e n e r a t e s  n e g a t i v e  v o r t i c i t y  a t  t he  a i r f o i l  
s u r f a c e  which then d i f f u s e s  i n t o  the flow f i e l d .  The n e t  r e s u l t  i s  a f low 
p a t t e r n  i n  which the  spanwise flow is outboard below t h e  a i r f o i l .  
a i r f o i l  t h e  flow is  inboard except i n  t h e  immediate v i c i n i t y  of the  a i r f o i l  
where it i s  outboard.  The r e s u l t  i s  g e n e r a l  convec t ion  of f l u i d  around t h e  
t i p  from p res su re  t o  s u c t i o n  s u r f a c e  upon which is  imposed a " c i r c u l a r "  t ype  
of flow p a t t e r n  above t h e  a i r f o i l  and i n  t h e  v i c i n i t y  of t h e  t i p  r eg ion .  
It should be noted t h a t  t h i s  n e g a t i v e  v o r t i c i t y  is  i n  a r eg ion  of outward 
spanwise flow, and the  p o s s i b i l i t y  of t he  c o u n t e r - r o t a t i n g  v o r t i c i t y  be ing  
c a r r i e d  outboard of t h e  t i p  e x i s t s .  Such a phenomenon has  been observed 
expe r imen ta l ly  a s  a secondary vo r t ex .  
Above t h e  
The streamwise l o c a t i o n  x/c  = 0.19 is  the  f i r s t  l o c a t i o n  a t  which t h i s  
" c i r c u l a r "  flow p a t t e r n  i s  e v i d e n t ,  and t h i s  may be cons ide red  t h e  l o c a t i o n  
a t  which the v o r t e x  f i r s t  appears .  However, a more s t r i k i n g  example of f r e e  
v o r t i c i t y  i s  shown a t  x / c  = 0.33. A t  t h i s  l o c a t i o n ,  areas of s t r o n g  
v o r t i c i t y  a re  c l e a r l y  be ing  convected from t h e  t i p  r eg ion  above t h e  a i r f o i l  
and inboard.  The g e n e r a l  p i c t u r e  of t he  g e n e r a t i o n  process  be ing  p resen ted  
is  the  convect ion of the p r e s s u r e  s u r f a c e  c r o s s  f low boundary l a y e r  o f f  t h e  
t i p  r e g i o n ,  upward and then inboard.  The p a t t e r n  c o n t i n u e s  as t h e  f low 
p r o g r e s s e s  to x/c = 0.75. From t h i s  l o c a t i o n  t o  t h e  t r a i l i n g  edge the major 
e f f e c t  appears t o  be the  d i s s i p a t i o n  of v o r t i c i t y  and cont inued upward 
convec t ion .  
The p o s s i b i l i t y  of t he  appearance of a secondary c o u n t e r - r o t a t i n g  v o r t e x  
h a s  been mentioned p rev ious ly  and an examinat ion of r e s u l t s  a t  x / c  = 0.90 
shows appearance of such a region.  As seen  i n  t h i s  f i g u r e ,  a small r e g i o n  o f  
n e g a t i v e  v o r t i c i t y  has  migrated v i a  convec t ion  and d i f f u s i o n  p rocesses  t o  t h e  
immediate v i c i n i t y  of t he  a i r f o i l  t i p  and may i n d i c a t e  t h e  i n c i p i e n t  
fo rma t ion  of secondary vo r t ex .  
Contours of streamwise v e l o c i t y  are p resen ted  i n  Fig.  6 .  In  g e n e r a l ,  
t h e s e  f i g u r e s  show the  growth of t h e  streamwise boundary l a y e r s .  A t  inboard 
Locat ions,  the p re s su re  s u r f a c e  boundary l a y e r s  are t h i c k e r  than t h e  s u c t i o n  
s u r f a c e  boundary layers ; t h i s  r e s u l t  is  c o n s i s t e n t  w i th  the  imposed p r e s s u r e  
d i s t r i b u t i o n  obtained from t h e  v o r t e x  l a t t i c e  c a l c u l a t i o n  and t h e  
two-dimensional boundary l a y e r s .  However, i n  t h e  t i p  r e g i o n  where t h e  flow 
is s t r o n g l y  three-dimensional ,  t he  v i s c o u s  r eg ion  on t h e  s u c t i o n  s u r f a c e  i s  
I t h i c k e r  than t h a t  on the  pressure s u r f a c e .  
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A s  t h e  f low proceeds downstream t o  x / c  = 0.33, t h e  major development i s  
t h e  expected th i cken ing  of t he  viscous l a y e r s .  However, a t  x / c  = 0.48 
a new development appears .  I n  t h e  v i c i n i t y  of t h e  t i p  s u c t i o n  s u r f a c e  a 
th i cken ing  of t he  o u t e r  po r t ion  of the  boundary l a y e r  appears .  Although t h e  
contour  with cons t an t  v e l o c i t y  0.4 moves towards t h e  a i r f o i l  s u r f a c e  
i n d i c a t i n g  a th inn ing  of t he  i n n e r  p a r t  of t he  boundary l a y e r ,  t h e  contour  
wi th  cons t an t  v e l o c i t y  0.9 moves away from t h e  a i r f o i l  i n d i c a t i n g  a 
th i cken ing  on t h i s  p a r t  of t h e  a i r f o i l .  This  c lear ly  shows a behavior  n o t  
observed i n  usua l  two-dimensional boundary l a y e r s .  
A s e t  of p l o t s  showing secondary f low p a t t e r n s  p red ic t ed  by t h e  
c a l c u l a t i o n  i s  presented  i n  Fig. 7. I n  t h e s e  f i g u r e s  t h e  secondary 
v e l o c i t i e s  are t h e  spanwise v e l o c i t y ,  w, and the  v e l o c i t y  normal t o  t h e  
f r e e  f low stream v e l o c i t y  r a t h e r  than the  v e l o c i t y  normal t o  t h e  a i r f o i l .  
Thus, i n  t h e  absence of no-s l ip  e f f e c t s ,  t he  va lue  of v f a r  from t h e  
s u r f a c e  would be approximately u s i n  a. (See t h e  s k e t c h  on t h e  f i g u r e ) .  
A t  x / c  = 0.11, the  vo r t ex  has not  yet formed as t h e  secondary f low p a t t e r n  
s imply  shows f low around t h e  t i p  from t h e  s u c t i o n  s u r f a c e  t o  t h e  p r e s s u r e  
s u r f a c e .  The next  p l o t  shows the  vor tex  beginning t o  form at  x / c  = 0.19; 
t h i s  r e s u l t  i s  c o n s i s t e n t  wi th  t h e  v o r t i c i t y  p l o t s  and t h e  co re  def ined  by 
t h e  v e l o c i t y  p l o t s  at t h i s  s t a t i o n ,  i f  one e x i s t s ,  appears  t o  be very c l o s e  
t o  t h e  s u c t i o n  s u r f a c e  corner  po in t .  The remaining p l o t s  show t h e  f u r t h e r  
development of t h e  secondary f low vor tex  as w e l l  as t h e  upward movement of  
c o r e  as def ined  by t h e  v e l o c i t y  p lo t s .  A t  t h e s e  l a t t e r  s t a t i o n s  t h e  
secondary f low shows a d e f i n i t e  c i r c u l a r  f low p a t t e r n ;  a t  x/c = 0.90 t h e  
secondary f low has an average c i r c u m f e r e n t i a l  v e l o c i t y  of approximately 0.06 
u,. The measurements of Ref. 6 a t  the  a i r f o i l  t r a i l i n g  edge show a 
t a n g e n t i a l  v e l o c i t y  of approximately 0.2 uw, however, t h e  Ref. 6 d a t a  i s  
f o r  a h ighe r  ang le  of inc idence  (12 "  vs.  6 " )  and thus  t h e  gene ra t ion  of a 
s t r o n g e r  v o r t e x  i n  t h i s  case i s  t o  be expected.  
R e s u l t s  i n d i c a t i n g  t h e  pred ic ted  c i r c u m f e r e n t i a l  v e l o c i t y  p r o f i l e s  
through the  v o r t e x  co re  a r e  presented i n  Fig.  8 .  I n  each case, the  v o r t e x  
co re  l o c a t i o n  w a s  e s t ima ted  from the v e l o c i t y  p l o t s  of Fig. 7 and t h e  
v e l o c i t y  d i s t r i b u t i o n  on a spanwise l i n e  through the  co re  c e n t e r  was used t o  
o b t a i n  t h e  r e s u l t s .  S ince  t h e  present  ca se  i s  not  f o r  t h e  same c o n d i t i o n s  as 
the d a t a  of Ref. 6 ( t h e  major discrepancy being 6" i nc idence  ang le  i n  t h e  
p r e s e n t  case and 12" i nc idence  angle i n  Ref. 4 ) ,  a q u a n t a t i v e  comparison 
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between p r e d i c t i o n s  and d a t a  cannot be made. Neve r the l e s s ,  q u a l i t a t i v e  
s i m i l a r i t y  between t h e  two sets of resul ts  is apparent .  In  both cases ,  t h e  
v o r t e x  i n c r e a s e s  i n  s i z e  and the  maximum t a n g e v t i a l  v e l o c i t y  dec reases  i n  
magnitude as the  f low p rogres ses  downstream. The d a t a  of Ch ig ie r  and 
C o r s i g l i a  ( R e f .  6 )  shows the co re  inc reas ing  from rc = 0.02 a t  x / c  = 0.5 t o  
r c / c  = 0.09 a t  x /c  = 1.0. The p resen t  r e s u l t s  show an approximate f a c t o r  
of 2 i n c r e a s e  i n  the s i z e  of t h e  vor tex  co re  from mid-chord t o  t h e  t r a i l i n g  
edge . 
Thin S lab  No-Slip Secondary Flow Cases 
Although the  prev ious  c a l c u l a t i o n s  c l e a r l y  showed the  b a s i c  t i p  v o r t e x  
g e n e r a t i o n  mechanism v i a  three-dimensional v i scous  f low c a l c u l a t i o n s ,  
they  d id  not  gene ra t e  ze ro - s l ip  secondary f lows from the  b a s i c  equa t ions .  
I n  t h e s e  e a r l y  c a l c u l a t i o n s  the  zero-s l ip  secondary f low r e l a t i o n  w a s  
ob ta ined  v i a  a c o r r e c t i o n  procedure (Ref. 27).  A new s o l u t i o n  procedure 
which s a t i s f i e s  t h e  no-sl ip  cond i t ion  on secondary f low was developed and t h e  
remaining c a l c u l a t i o n s  were done wi th  t h i s  r i go rous  no-s l ip  c o n d i t i o n  
s a t i s f i e d .  
The f i r s t  of t hese  c a l c u l a t i o n s  were t h i n  s l a b  c a l c u l a t i o n s  f o r  bo th  
laminar  and t u r b u l e n t  flow. The cases cons idered  were f o r  5" i nc idepce  a t  
Mach numbers of 0.01, and Reynolds numbers of 2 x l o 3  
r e s p e c t i v e l y .  S ince  t h e  laminar  case  and t u r b u l e n t  c a l c u l a t i o n s  showed 
b a s i c a l l y  t h e  same phys ica l  p rocesses  only t h e  t u r b u l e n t  case is inc luded  i n  
t h i s  f i n a l  r e p o r t .  
6 and 10 , 
The p o t e n t i a l  f low f i e l d  €o r  th i s  case w a s  ob ta ined  from NASA Langley 
Research Center  from implementation of t h e  procedure due t o  
Maskew (Ref.  16). A 59 by 49 c r o s s  s e c t i o n  g r i d  wi th  a s i n h  t r ans fo rma t ion  
t o  c o n c e n t r a t e  g r i d  p o i n t s  i n  t h e  v i c i n i t y  of w a l l  and t i p  r eg ions  is used. 
There are 20 streamwise s t a t i o n s  i n  the streamwise d i r e c t i o n .  The v i s c o u s  
c a l c u l a t i o n  w a s  s t a r t e d  downstream of the l ead ing  edge of t h e  wing a t  
x/c = 0.05 where x is t h e  streamwise coord ina te  measured from the  l e a d i n g  
edge and c is  t h e  wing chord. The i n i t i a l  boundary l a y e r  t h i c k n e s s  f o r  t h i s  
demonst ra t ion  case w a s  t aken  as 6/c = 0.07. F igure  9 p r e s e n t s  t h e  streamwise 
v o r t i c i t y  a t  t h e  11% chord l o c a t i o n .  A t  t h i s  s t a t i o n  t h e  v o r t i c i t y  is 
con ta ined  deep w i t h i n  the  streamwise boundary l a y e r .  The r eg ion  of h igh  
v o r t i c i t y  a t  t h e  wing t i p  i s  the  r e s u l t  of t h e  f low from t h e  p r e s s u r e  s u r f a c e  
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t o  t h e  s u c t i o n  s u r f a c e .  F u r t h e r  downstream, t h e  v o r t i c i t y  from below t h e  
wing t i p  i s  convected above the  wing as shown p r o g r e s s i v e l y  i n  Fig.  9. 
A s  t h e  region of p o s i t i v e  v o r t i c i t y  moves above t h e  wing t i p  a l a r g e  scale 
v o r t e x  p a t t e r n  of secondary f low is  e s t a b l i s h e d .  The f low from t h i s  v o r t e x  
i s  outward along t h e  upper s u r f a c e  of t h e  wing. Br inging  t h i s  secondary f low 
t o  no - s l ip  a t  t he  wing r e s u l t s  i n  a r eg ion  of nega t ive  v o r t i c i t y  a long t h e  
upper  wing s u r f a c e .  
contour  i n  F ig .  9 ,  and is  shown t o  g e t  p r o g r e s s i v e l y  l a r g e r  as t h e  secondary 
f low becomes s t ronge r .  F igure  10 shows the  secondary f low v e l o c i t y  p a t t e r n  
a t  s t a t i o n s  x /c  = 0.31 and x / c  = 0.91. 
The r eg ion  of nega t ive  v o r t i c i t y  i s  de f ined  by the  Q = 0 
A s  can be seen ,  t he  gene ra t ion  process  wi th  t h e  r e v i s e d  fo rmula t ion  
which s p e c i f i c a l l y  s e t s  zero  no-s l ip  on the  wing is  q u a l i t a t i v e l y  similar t o  
t h a t  p rev ious ly  obtained.  The formation of the  v o r t e x  above t h e  s u r f a c e  and 
i t s  migra t ion  s l i g h t l y  inboard as noted i n  Fig.  9 i s  i n  q u a l i t a t i v e  agreement 
wi th  t h e  prev ious ly  obta ined  r e s u l t s ,  and t h e  genera ted  secondary f low 
p a t t e r n  can be c l e a r l y  seen i n  Fig.  10. 
Constant  Thickness  Rounded T i p  
The next case  considered focused upon a cons t an t  s l a b  wing wi th  a 
rounded t i p .  
c u r v i l i n e a r  wing t i p  coord ina te  system developed by Thames (Ref.  33). 
This  c a l c u l a t i o n  r e p r e s e n t s  a s i g n i f i c a n t  i n c r e a s e  i n  complexi ty  from t h e  
square  t i p  c a l c u l a t i o n s  d iscussed  p rev ious ly .  The coord ina te s  used a r e  
g e n e r a l  nonorthogonal r a t h e r  than  Car t e s i an  and, t h e r e f o r e ,  t h e  case 
demonstrates a much more g e n e r a l  coord ina te  c a p a b i l i t y .  A second i t e m  
concerns  the rounded t i p .  I n  the  prev ious  c a l c u l a t i o n s ,  secondary f low 
s e p a r a t i o n  is t r i g g e r e d  by the  sha rp  c o r n e r s  a t  t he  t i p  of t h e  a i r f o i l  
c ross -sec t ion .  I n  t h e  p re sen t  c a l c u l a t i o n s ,  t h e  secondary f low can separate 
any p l ace  on the  rounded t i p .  Since t h i s  new case rep resen ted  c o n s i d e r a b l e  
a d d i t i o n a l  complexi ty ,  a sample c a l c u l a t i o n  f o r  a cons t an t  t h i c k n e s s  wing w a s  
chosen as a demonstrat ion c a l c u l a t i o n .  
The coord ina te  system f o r  t h i s  c a l c u l a t i o n  i s  a body-f i t ted  
The case presented  he re  i s  f o r  laminar  f low over  a t h i n  wing wi th  
rounded t i p  and cons t an t  t h i c k n e s s  a t  5" ang le  of a t t a c k .  The Reynolds 
number based on chord i s  2000 and Mach number is 0.01. The i n i t i a l  boundary 
layer  th ickness  i s  6 /c  = 0.07. The body-f i t ted  c u r v i l i n e a r  wing t i p  
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coord ina te  s y s t e m  w a s  developed f o r  a NACA 0012 a i r f o i l .  For t h e  p r e s e n t  
cons t an t  t h i ckness  wing case, t h e  c r o s s - s e c t i o n a l  g r i d  w a s  ob ta ined  from one 
c ross - sec t ion  of g e n e r a l  three-dimensional  g r i d  and t h i s  w a s  he ld  t h e  same i n  
the  downstream d i r e c t i o n .  There i s  30 x 33 g r i d  p o i n t s  i n  t h e  c r o s s  s e c t i o n ,  
and 20 g r i d  po in t s  i n  t h e  streamwise d i r e c t i o n .  The p o t e n t i a l  f low p r e s s u r e  
f i e l d  w a s  provided by NASA Langley Research Center  and w a s  ob ta ined  from t h e  
c a l c u l a t i o n  procedure of Maskew (Ref.  16).  
F igu re  11 p r e s e n t s  t h e  con tour s  of s t reamwise v e l o c i t y .  Note t h a t  i n  
F igs .  11-21 the  s u c t i o n  s u r f a c e  is p i c t u r e d  on t h e  r i g h t  s i d e  of t h e  b l ade  
and the  p re s su re  s u r f a c e  on the  l e f t .  Although the  i n i t i a l  s t a t i o n  
s t reamwise v e l o c i t y  i s  two-dimensional ( excep t  nea r  t h e  t i p ) ,  t h e  streamwise 
v e l o c i t y  i s  p rogres s ive ly  d i s t o r t e d  and shows s t r o n g  three-dimensional  
f e a t u r e s  as the  flow p rogres ses  downstream. F igu re  12 shows t h e  streamwise 
v o r t i c i t y  a t  t h e  25% chord l o c a t i o n .  A t  t h i s  s t a t i o n  t h e  v o r t i c i t y  is  
con ta ined  wi th in  t h e  streamwise boundary l a y e r .  The r eg ion  of h igh  v o r t i c i t y  
a t  the  wing t i p  is the  r e s u l t  of t h e  f low from t h e  p r e s s u r e  s u r f a c e  t o  t h e  
s u c t i o n  sur face .  Fu r the r  downstream, t h e  v o r t i c i t y  from below t h e  wing t i p  
is convected above the  wing and the  r eg ion  of s i g n i f i c a n t  streamwise 
v o r t i c i t y  becomes l a r g e r ,  a s  shown i n  Figs .  12. However, t h e  maximum 
v o r t i c i t y  magnitude becomes s m a l l e r  due t o  v i scous  e f f e c t s .  F igu res  13 show 
t h e  secondary f low p a t t e r n s  a t  s t a t i o n s  x /c  = 25%, 39% 64% and 89%. 
r e s u l t s  c l e a r l y  show t h e  development of the  t i p  v o r t e x ,  and t h e  d i s t i n c t  
secondary f low p a t t e r n .  The g e n e r a l  development appears  t o  be q u a l i t a t i v e l y  
similar t o  tha t  ob ta ined  f o r  t h e  square  t i p .  
These 
Wing wi th  an NACA 0012 A i r f o i l  S e c t i o n  
Following the  rounded t i p  c a l c u l a t i o n ,  t h e  e f f o r t  focused upon t h e  case 
of f low i n  the t i p  reg ion  of wing wi th  an NACA 0012 a i r f o i l  s e c t i o n  wi th  a 
half-rounded t i p .  The geometr ic  g r i d  w a s  gene ra t ed  us ing  t h e  procedure of 
Thames (Ref.  33). An example of t he  g r i d  d i s t r i b u t i o n  i s  shown i n  Figs .  14 
and 15. F igure  14 shows the  g r i d  d i s t r i b u t i o n  on t h e  s u r f a c e ;  F ig .  15 shows 
t h e  d i s t r i b u t i o n  normal t o  t h e  su r face .  
The f i r s t  case cons idered  was f o r  laminar  f low a t  5" inc idence .  
The Reynolds number based upon chord was 2000, and t h e  c a l c u l a t i o n  was 
i n i t i a t e d  with 6fc = .07. The p r e s s u r e  d i s t r i b u t i o n  used w a s  t h a t  f o r  
4 2  
a) x/c = .25 b) x/c = .39 
c )  x/c = .64 d)  x/c = .89 
Figure  11. - Contours of streamwise v e l o c i t y  
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b)  x/c = .39 a) x/c = .25 
c) x/c = . 64  d )  x/c = .89 
Figure 12. - Contours of streamwise vorticity 
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p r e s  s u r  e s u c t i o n  
a )  x / c  = .25 
- V e l o c i t y  = 0.07442 
b)  x / c  = .39 - V e l o c i t y  = 0.14909 
' * * .r\\%\\\\ * 
c )  x / c  = .64 
- V e l o c i t y  = 0.15664 
d )  x / c  = .89 
- V e l o c i t y  = 0.16007 
F i g u r e  13. - Secondary f l o w  p a t t e r n s  
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F i g u r e  14 .  - Grid d i s t r i b u t i o n  on s u r f a c e  f o r  wing w i t h  
NACA 0012 a i r f o i l  sect ion 
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F i g u r e  15. - Three-dimensional p l o t  of g r i d  d i s t r i b u t i o n  f o r  wing 
w i t h  NACA 0012 a i r f o i l  s e c t i o n  
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a square tip, and was obtained via the Maskew procedure [Ref. 161. 
There are 30 by 33 grid points in the cross section and 20 in the 
streamwise direction. 
It should be noted in the present case that the wing thickness changes 
with chordline location, and that the wing tip is rounded. Figure 16 
presents the contours of streamwise velocity. The streamwise velocity in the 
tip region is progressively distorted, and shows three-dimensional features 
as the flow progresses downstream. Figure 17(a) shows the streamwise 
vorticity at the 19% chord location. At this station, the vorticity is 
contained within the streamwise boundary layer. The region of high vorticity 
at the wing tip is the result of the flow from the pressure surface to the 
suction surface. Further downstream, the vorticity from below the wing tip 
is convected above the wing and the region of significant streamwise 
vorticity becomes larger, as shown in Fig. 17. The calculation gave 
streamwise separation at a location x/c 0.75,  and was terminated at this 
location. 
The final calculation considered the wing with an NACA 0012 airfoil 
section in a turbulent flow environment with a Reynolds number based upon a 
chord of lo6. 
Eqs. ( 1 9 )  and ( 2 0 ) .  The grid system at a typical cross-sectional station is 
given in Fig. 18. The grid is highly stretched so as to resolve the viscous 
sublayer with the first point being 9 x lo-' chords from the surface. There 
are 30 x 33 grid points in cross section and 20 in the streamwise direction. 
Initial conditions in the present calculation include specification of the 
streamwise velocity at the first calculation cross plane. The secondary flow 
velocity is zero initially. 'Contours of streamwise velocity, streamwise 
vorticity and secondary flow are presented in Figs. 19-21. 
The turbulence model used was the simple eddy viscosity model, 
Figures 19-21 show the contours of streamwise velocity, vorticity and 
secondary flow velocity at stations x/c = 0.18, 0.3, 0.45,  0.6, 0.71 from the 
calculated results. The process of secondary flow development and vortex 
roll-up seen in the computations again are in general qualitative agreement 
with experimental results of Chigier and Corsiglia (Ref. 5), Gray, McMahon, 
Shenoy and Hammer (Ref. 3 4 ) ,  and Francis and Kennedy (Ref. 6 ) .  As the flow 
goes downstream, the pressure imbalance between the high pressure below and 
low pressures above the airfoil drives an irrotational flow in the secondary 
flow plane from the pressure side outboard, around the tip and finally 
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a) x / c  = . I 9  b) x / c  = .45 
c )  x / c  = .56 d )  x / c  = .68 
F igu re  16 .  - Contours of streamwise v e l o c i t y  
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a) x / c  = . 1 9  b) x/c  = .45 
i Figure  1 7 .  - Contours of s t r e a m w i s e  
c )  = x / c  = .56 d)  x / c  = .68 
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v o r t i c i t y  
Figure  18. - Grid system i n  c r o s s  s e c t i o n  
a t  s t a t i o n  X/C = .18 
5 1  
p r e s s u r e  -- 
s u r f  ace  
\ 
'-----0.8 
- - suc t ion  
s u r f a c e  
b )  X / C  = .30 a> x / c  = .18 
c> X I C  = .45 d )  x l c  = .59  
e> x / c  - . 7 1  
F i g u r e  19. - Contour s  of  streamwise v e l o c i t y  
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a )  x/c = .18 
-3 
-2 
- I  
-0.3 
- 0.3 
b) xfc = .30 
c> x/c = .45 d)  x/c = .59 
e )  x f c  = . 7 1  
F i g u r e  20. - Contour of streamwise v o r t i c i t y  
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b)  x / c  = .30 
c )  x f c  = .45 c )  x f c  = .59 
e )  x f c  = . 7 1  
F i g u r e  21.  - Secondary  f l o w  p a t t e r n s  
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inboard on t h e  s u c t i o n  s i d e .  This  secondary f low p a t t e r n  is  requ i r ed  t o  obey 
t h e  no - s l ip  cond i t ion  a t  the  a i r f o i l  surace ,  and t h i s  no - s l ip  c o n d i t i o n  
g e n e r a t e s  nega t ive  v o r t i c i t y  on both the upper and lower s u r f a c e s .  This  
phys i ca l  p rocess  is shown c l e a r l y  i n  Figs.  20-21. 
Contours of streamwise v e l o c i t y  a re  presented  i n  Fig. 19. I n  g e n e r a l ,  
t h e s e  f i g u r e s  show the  growth of t he  streamwise boundary l a y e r s .  A t  inboard  
l o c a t i o n s ,  where t h e  flow is  expected t o  behave two-dimensionally,  t h e  
streamwise v e l o c i t y  is independent of spanwise coord ina te  and t h e  p r e s s u r e  
s u r f a c e  boundary l a y e r s  are t h i n n e r  than the  s u c t i o n  s u r f a c e  boundary l a y e r .  
I n  t h e  t i p  r eg ion ,  t he  f low is  s t r o n g l y  three-dimensional  due t o  d i s t o r t i o n  
and skewing of secondary flows as t h e  f low p rogres ses  downstream. 
A s  t he  f low proceeds downstream, the  v o r t i c i t y  genera ted  on t he  p r e s s u r e  
s u r f a c e  i s  convected by the  c r o s s  flow t o  the  t i p ,  moved around t h e  t i p  and 
convected and d i f f u s e d  i n  a gene ra l  upward and inboard d i r e c t i o n  due t o  
c o n t i n u a l  p r e s s u r e  imbalance. Cross flow s e p a r a t i o n  occurs  i n  t h e  t i p  
reg ion .  Above the  s u c t i o n  s u r f a c e  a clockwise v o r t e x  motion is e s t a b l i s h e d  
which changes t h e  d i r e c t i o n  of t h e  secondary f low t o  outward a t  the  wing 
upper s u r f a c e .  The outward c r o s s  flow combined wi th  t h e  no - s l ip  c o n d i t i o n  
r e s u l t s  i n  p o s i t i v e  v o r t i c i t y  a long the upper s u r f a c e  i n  t h e  immediate 
v i c i n i t y  of t h e  wing. A s  shown i n  Fig. 20 the  v o r t i c i t y  is beginning t o  
ex tend  o u t s i d e  the  streamwise boundary l a y e r  a t  x / c  = .30. Figure  20 shows 
the  v o r t i c i t y  contour  at s t a t i o n s  x / c  = 4 5 % ,  60%, and 71%. It shows t h e  
cont inuous  upward and inboard movement due t o  c o n t i n u a l  p r e s s u r e  imbalance 
between t h e  h igh  p res su re  below and low p r e s s u r e  above. Also wi th  p e r s i s t e n t  
c r o s s  f low s e p a r a t i o n ,  t h e  reg ion  w i t h  p o s i t i v e  v o r t i c i t y  i n  t h e  immediate 
v i c i n i t y  of t h e  t i p  s u c t i o n  s u r f a c e  becomes t h i c k e r  and l a r g e r .  This  p i c t u r e  
of development of t h e  secondary f low p a t t e r n  i s  i n  g e n e r a l  agreement of 
exper imenta l  obse rva t ion  by F ranc i s  and Kennedy (Ref. 4 )  and Hoffman and 
Velkof f (Ref. 3 5 ) .  
Figure  21 shows the  vec to r  p l o t  of secondary f low p a t t e r n s  a t  s t a t i o n s  
x / c  = 18%, 30%,  4 5 % ,  59% and 71% wi th  the  v e l o c i t y  p r o j e c t e d  i n  a p lane  which 
is normal t o  the  free streamwise v e l o c i t y  f o r  upstream of the  wing r a t h e r  
than  t h e  v e l o c i t y  normal t o  t h e  a i r f o i l .  A t  x / c  = 0.18, t h e  c r o s s  f low 
s e p a r a t i o n  has  not  occurred as the  secondary f low p a t t e r n  simply shows f low 
around the t i p  from t h e  p re s su re  su r face  t o  t h e  s u c t i o n  s u r f a c e .  
The spanwise v e l o c i t y  i s  d i r e c t e d  outward below t h e  p r e s s u r e  s u r f a c e  and 
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inward above the suction surface. The vertical velocity is directed upward 
everywhere. Near the tip region in the pressure surface, there has been 
small flow reversal driven by the input inviscid pressure field. 
The inviscid pressure obtained from Maskew (Ref. 16) was only approximate for 
the present case. The next plot shows the cross flow separation beginning to 
form at x/c = 0.3. The spanwise velocity is directed outward below the 
pressure surface and outward near the suction surface and inward far from the 
suction surface. This result is consistent with the vorticity plot. The 
next plots show the further development of the secondary flow. A s  the region 
of cross flow separation enlarges and thickens, the secondary flow shows a 
definite circular flow pattern and moves upward. Note that these plots 
present only a fraction of the grid points used in the flow calculation. 
In Figs. 21(b)-21(e) the velocity vectors near the suction surface are shown 
penetrating the wing surface. This represents relatively large normal 
velocities near the wall. At the wing surface the velocity is zero. 
The results shown in Figs. 19-21 clearly show the tip vortex generation 
process for a NACA 0012 airfoil with rectangular planform and rounded tip. 
This represents a calculation for an actual geometric configuration of 
interest at a relevant Reynolds number. In particular, it should be noted 
that with the rounded tip the center of the vortex appears slightly outboard 
of the tip in contrast to the square tip where the vortex set up inboard of 
the tip. This is in agreement with the experimental data of Ref. 34. In 
regard to quantitative comparisons, the previous comments regarding the 
square tip still apply and the results appear consistent with those of 
Chigier and Corsiglia (Ref. 6). 
Inboard Boundary Condition Study 
The final item considered in the present study focuses upon the 
sensitivity of the flow to the inboard boundary condition. As previously 
discussed, the boundary condition along the solid surface satisfied zero 
streamwise, transverse and spanwise velocity. On the far field boundary 
streamwise velocity was extrapolated from the interior, scalar potential was 
set to zero, vector potential was obtained by integrating the component of 
transverse velocity along the boundary and streamwise vorticity was set to 
zero. In the calculations done previously, the spanwise velocity was set to 
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zero at the inboard boundaries and the spanwise velocity derivative was set 
to zero. 
Under this portion of the effort the inboard boundary conditions were 
reconsidered. They represent the influence of the inboard sections on the 
wing tip flow field. Thus, the specifications of the inboard boundary 
conditions should be related to the velocity field of the wing which contains 
the influence of the lift distribution and the trailing vortex sheet of the 
entire wing. With these considerations in mind, a revised inboard boundary 
condition was formulated. In this approach a spanwise velocity distribution 
along the inboard boundaries compatible with the viscous flow equations is 
obtained from solution of the coupled vector potential-vorticity equations 
along the inboard boundaries utilizing the inviscid spanwise velocity as an 
outer boundary condition. Neglecting spanwise variations, the coupled vector 
potential-vorticity equations are solved as a two-point boundary value 
problem along the inboard boundaries. Boundary conditions are specified 
from the no-slip and no through-flow velocity conditions on the wing surface 
(at B - C of Fig. 22), and the inviscid spanwise velocity and zero streamwise 
vorticity at the outer boundary (at A - D). The solution to the vector 
potential is used as the inboard boundary condition for the coupled vector 
potential-vorticity equations for the interior tip flow field. When a n  
inviscid velocity field about the wing is available, the spanwise velocity 
boundary condition is derived from this flow field as outlined in the 
following paragraphs. If an inviscid flow field is not available, the 
required inviscid flow information can be approximated f rom the induced 
velocity field derived from an assumed spanwise lift distribution as will 
also be discussed shortly. 
For the purposes of a computation demonstrating application of this new 
boundary condition formulation, the tip flow field for a slab wing with a 
rounded tip at a geometric angle of attack of 6" were computed. The flow was 
laminar with a Reynolds number of 1000.0 based on the thickness (t) of the 
wing section or 20,000 based on chord. 
The inviscid transverse velocities were assumed to be composed of the 
potential flow due to the geometric angle of attack and the induced velocity 
field due to the trailing vortex sheet. The induced velocities were computed 
from the simple Prandtl lifting line theory of finite wings. The inviscid 
spanwise velocities at the inboard boundaries for the two point boundary 
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D 
F igure  2 2 .  - Computational domain and g r i d  a t  a 
t y p i c a l  streamwise s t a t i o n  
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a )  no  induced  v e l o c i t i e s  
e )  a s p e c t  r a t i o  = 5 . 0  
F i g u r e  2 3 .  - E f f e c t  of  wing a s p e c t  r a t i o  on t r a n s v e r s e  
v e l o c i t y  f i e l d s  a t  x / t  = 20.0  
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value  problem were a l s o  computed from t h e  t r a i l i n g  v o r t e x  s h e e t .  A l i n e a r  
l i f t  d i s t r i b u t i o n  was assumed on t h e  wing r e s u l t i n g  i n  a t r a i l i n g  v o r t e x  
s h e e t  of cons tan t  s t r e n g t h .  
F igu re  23 shows a v e c t o r  p l o t  of t h e  t r a n s v e r s e  v e l o c i t y  f i e l d  a t  
x / t  = 20.0. The induced v e l o c i t i e s  i n  t h i s  f i r s t  c a l c u l a t i o n  were set  t o  
zero  assuming no f low p e n e t r a t i o n  of t h e  inboard boundar ies .  The s t r o n g  t i p  
v o r t e x  is evident .  F igure  23 a l s o  shows t h e  computed t r a n s v e r s e  v e l o c i t y  
f i e l d  at x / t  = 20.0 wi th  the  induced v e l o c i t i e s  computed f o r  wings wi th  
a spec t  ra t io  20.0, 10.0, 7.5, and 5.0, r e s p e c t i v e l y .  The s t r e n g t h  of t h e  t i p  
v o r t e x  decreases  corresponding t o  l a r g e r  induced v e l o c i t i e s  from t h e  t r a i l i n g  
v o r t e x  shee t .  It should be noted t h a t  induced v e l o c i t y  i n c r e a s e s  as t h e  
a spec t  r a t i o  decreases .  The spanwise v e l o c i t i e s  at t h e  inboard boundar ies  
are s m a l l  i n  a l l  t he  cases, being l a r g e s t  a t  t h e  aspect r a t i o  of 5. The 
dominant e f f e c t  of t he  induced v e l o c i t i e s  on t h e  t i p  v o r t e x  i s  from t h e  
normal component of t h e  induced v e l o c i t y  which reduces t h e  e f f e c t i v e  ang le  of 
a t t a c k  on t h e  wing. General  conclus ions  about t h e  e f f e c t  of a spec t  r a t i o  on 
t h e  t i p  vo r t ex  cannot be drawn from t h e s e  demonst ra t ion  computat ions due t o  
t h e  approximations i n  the  computation of t h e  induced v e l o c i t y  f i e l d  and t h e  
d i f f e r e n c e  i n  l i f t  of t he  wings. However, t h e  computations do demonst ra te  a 
newly developed method of s p e c i f y i n g  boundary cond i t ions  on the  inboard 
boundaries  t h a t  r e l a t e  t h e  t i p  f low f i e l d  wi th  t h e  o v e r a l l  i n v i s c i d  f low on 
t h e  wing. 
CONCLUDING REMARKS 
The present effort has developed a three-dimensional viscous flow 
forward marching analysis for the tip vortex generation problem. In contrast 
to other more approximate analyses which model the process with inviscid 
equations, and rely upon a semi-empirical model to determine the shed 
vorticity, the present procedure calculates shed vorticity from the basic 
cross-flow separation mechanism and the subsequent convection of this 
vorticity downstream. The analysis is based upon solution of a streamwise 
momentum equation, a streamwise vorticity equation, a secondary flow stream 
function equation and the continuity equation. High near wall resolution is 
obtained in the process and no-slip conditions for all components of velocity 
are enforced at the airfoil surface. In its present form, the analysis 
requires an estimate of the inviscid streamwise pressure gradient which must 
be obtained from an external source such as a vortex lattice method or a 
panel method with lift. 
The procedure has been applied to a constant thickness slab wing with a 
square tip, a constant thickness slab wing with a half round tip and a 
NACA 0012 wing with a rounded tip. In the latter case, the coordinate system 
used was a body fitted nonorthogonal system developed by Thames. 
The analysis has been applied to both laminar flow and turbulent flow with a 
simple eddy viscosity model being used t o  represent the turbulent shear. 
The turbulent high Reynolds number calculation required a highly stretched 
grid to obtain the required wall resolution. 
The effort has concentrated upon two items: (i) the tip vortex 
generation process and (ii) quantitative results. A s  far as the generation 
process is concerned, the basic mechanism shown in the calculations is in 
good agreement with experimental data. When a wing is immersed in a flow at 
non-zero incidence, a pressure differential develops between the upper and 
lower surfaces. As the tip is approached, this differential decreases since 
outboard of the tip no pressure discontinuity can exist. The pressure 
imbalance causes flow outward on the pressure surface, upward at the tip and 
inward on the suction surface. This secondary flow must obey the wall 
no-slip condition thus generating streamwise vorticity in the form of a cross 
flow boundary layer which is convected from the pressure surface to the tip 
where it separates and forms the tip vortex. The present predictions of 
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vortex appearance, path, strength and secondary flow field are reasonable 
when compared with existing experimental data. However, detailed comparisons 
with high quality experimental measurements are needed to validate the 
quantitative flow predictions of the analysis. 
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